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Generality from a Mechanical point of view
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• A coupling between resonant systems (dynamics) and cyclic excitations (kinematics)

• A  new signal with information about discrete geometry components

• A new transfer path between fault and response

Shaft

Casing



Strategy
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• Gearbox Vibration is composed of resonant dynamics due to structural parts, and cyclic excitations generated by discrete geometric components

Angular approach:
𝛽 ∙ sin(𝑧1 ∙ 𝜃1)

FRF

• Under non-stationary operating condition cyclic frequency 
evolves with the angular speed over a band width of 
frequency [Hz]:

𝐹𝑟𝑒𝑞 𝐻𝑍 =
𝑜𝑟𝑑𝑒𝑟 × 𝜔 (𝑟𝑝𝑚)

60
𝜔 ↑⇒ 𝐹𝑟𝑒𝑞 𝐻𝑍 ↑

Operational Modal Analysis



Principles:
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➢ The use of Short-Angle Fourier Transform (SAFT):

• main structural modes appears as speed dependent curves
• Cyclic excitations are horizontal lines

𝑓𝜃,𝑖 = 60
𝑓𝑖

𝜔(𝜃)

➢ Angular approach remains robust for widely variable regimes
(non-stationary conditions)

➢ Easily accessible during real tests

➢ Separation of time (modal) from angle (cyclic) dependent 
phenomena (adopting proper operational profile!)

➢ No assumption is made about the speed of the machine

Instantaneous Angular Speed:
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𝑀1 ∙ ሷ𝑥1 + 𝐶1 ∙ ሶ𝑥1 + 𝐾1 ∙ 𝑥1 = −𝐹𝐺𝑒𝑎𝑟

𝑀2 ∙ ሷ𝑥2 + 𝐶2 ∙ ሶ𝑥2 + 𝐾2 ∙ 𝑥2 = 𝐹𝐺𝑒𝑎𝑟

𝐼1 ∙ ሷ𝜃1 + 𝐶𝑟1
∙ ሶ𝜃1 = 𝑇𝑀 − 𝑅𝑏1 ∙ 𝐹𝐺𝑒𝑎𝑟 + 𝑇𝑒𝑥1

𝐼2 ∙ ሷ𝜃2 + 𝐶𝑟2
∙ ሶ𝜃2 = 𝑇𝑅 − 𝑅𝑏2 ∙ 𝐹𝐺𝑒𝑎𝑟

 

Fluctuation

𝐾𝑔 = 𝐾𝑎𝑣𝑔 + 𝛿𝑘 ∙ sin(𝑧1 ∙ 𝜃1)  

Primary Gear (𝒁𝟏)

Secondary Gear 
(𝒁𝟐)

𝑻𝑴

𝑻𝑹

Bearing 1 Bearing 2

Bearing 3 Bearing 4

Primary Shaft

Secondary Shaft

𝑭𝑮𝒆𝒂𝒓

Working Condition

Driving torque 𝑇𝑀

Load torque 𝑇𝑅

+ +

+

𝐿𝑖𝑛𝑒𝑎𝑟 𝑆𝑦𝑠𝑡𝑒𝑚

𝑀1 ∙ ሷ𝑥1 + 𝐶1 ∙ ሶ𝑥1 + 𝐾1 ∙ 𝑥1

𝑀2 ∙ ሷ𝑥2 + 𝐶2 ∙ ሶ𝑥2 + 𝐾2 ∙ 𝑥2

𝐼1 ∙ ሷ𝜃1 + 𝐶𝑟1
∙ ሶ𝜃1

𝐼2 ∙ ሷ𝜃2 + 𝐶𝑟2
∙ ሶ𝜃2

𝑥1

𝑥2

𝜃1

𝜃2

𝐾𝑔 = 𝐾𝑎𝑣𝑔 + 𝛿𝑘 ∙ sin(𝑧1 ∙ 𝜽𝟏)

− 𝐹𝐺𝑒𝑎𝑟

+ 𝐹𝐺𝑒𝑎𝑟

−𝑅𝑏1 ∙ 𝐹𝐺𝑒𝑎𝑟

+𝑅𝑏2 ∙ 𝐹𝐺𝑒𝑎𝑟

Cyclic Excitations

External 

Excitations  𝑇𝑒𝑥1

𝐹𝐺𝑒𝑎𝑟 = 𝐾𝑔 ∙ 𝑅𝑏1 ∙ 𝜃1 + 𝑅𝑏2 ∙ 𝜃2 + 𝐶𝑔 ∙ 𝑅𝑏1 ∙ ሶ𝜃1 + 𝑅𝑏2 ∙ ሶ𝜃2 + 𝐾𝑔 ∙ 𝑥1 − 𝑥2 + 𝐶𝑔 ∙ ሶ𝑥1 − ሶ𝑥2

Model: One stage transmission – Nonlinear Gear Mesh



Varying Gear Mesh Stiffness

Dynamic angular evolution of the 

stiffness of a spur gear1

Double Tooth 
Contact Zone

Single Tooth 
Contact Zone

𝐾𝑔 = 𝑔(𝜃, … )

𝐾𝑔(𝜃) ≅ 𝐾𝑎𝑣𝑔 + ෍

𝑚=1

𝑁

𝛿𝑘𝑚𝑒𝑗𝑚𝑧𝜃

Fluctuation

𝐾𝑔 = 𝐾𝑎𝑣𝑔 + 𝛿𝑘 ∙ 𝑒𝑗𝑧1∙𝜃1

• A simple profile with only one order harmonic: 

1. Thibault, N. (2022). Prédire par la modélisation, la réponse d’une transmission endommagée: Manifestations et nouvelles voies de 

transfert (Doctoral dissertation, INSA de Lyon). 

𝑔𝑙 = 1 − 1 𝑅𝑏1
 𝑅𝑏2

𝑇

𝑦 = 𝑥1 𝑥2 𝜃1 𝜃2 𝑇

𝐹𝐺𝑒𝑎𝑟 = 𝐾𝑎𝑣𝑔 ∙ 𝑔𝑙 𝑇 ∙ 𝑦 + 𝐶𝑔 ∙ 𝑔𝑙 𝑇 ∙ ሶ𝑦 + 𝑘𝑔
𝜃 ∙ 𝑔𝑙 𝑇 ∙ 𝑦

𝑓𝑔𝑒𝑎𝑟𝐿𝑖𝑛
𝑓𝑔𝑒𝑎𝑟|𝐶𝑦𝑐𝜀 = 𝑔𝑙 𝑇 ∙ 𝑦Transmission Error:



State-Space form

𝑀 ሷ𝑦 + 𝐶𝑔 𝑔𝑙 𝑔𝑙 𝑇  + 𝐶 ሶ𝑦 + 𝐾𝑎𝑣𝑔 𝑔𝑙 𝑔𝑙 𝑇 + 𝐾 𝑦 =

0
0

𝑇𝑀

𝑇𝑟

+ 𝑓𝑔𝑒𝑎𝑟|𝐶𝑦𝑐
∙ 𝑔𝑙 +

0
0

𝐶𝑅 ∙ 𝑡
0

&  𝜉 =
𝑦

ሶ𝑦
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(Operational) Modal Analysis – Results:

- The Least Square Complex Frequency Estimator (LSCF) estimator using a discrete-time z-model:

OMA conventionally uses:

• auto- and cross-spectra in the frequency domain. 
• auto- and cross-correlations in the time domain. 𝑆𝑦𝑦 𝜔 = 𝐻 𝜔 𝑆𝑢𝑢 𝐻 𝜔 𝐻

stabilization chart in a specified 
order range

• eigenfrequency 
• modal damping factor
• identified FRF



(Operational) Modal Analysis – Results:

Driving Torque - 𝑇𝑀 

(N.m)

Resistive Torque - 𝑇𝑟 

(N.m)

Ramp in Torque - 𝐂𝐑 

(N.m.s-1)

Rapid Ramp-up

(Cond.1) 266 121.31 30
Slow Ramp-up

(Cond.2) 66.5 28.95 0.5

• Frequencies up to ≅ 438 𝐻𝑧 is excited by the transient regime.
• Due to its low energy, early frequency range is under estimated!

• Operating condition 2 (Slow Ramp-up)• Operating condition 1 (Rapid Ramp-up)
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1. DFT based algorithms are no more reliable!

• Non-stationarities in signal characteristics due to 
varying operation!

2. Non-uniform excitation Autoparametric resonances and 
vibrations :

• Two different governing operating regimes 

•  Presence of higher order harmonics, exciting 
frequencies at different levels

➢ Inconsistencies: ➢ Challenges:

1. Very sensitive to the sampling size
2. The proper range of signal should be truncated carefully!



Results (Conventional OMA):

𝜔Θ1(𝜔)

𝜔𝑋1(𝜔) 𝜔𝑋2(𝜔)

𝜔Θ2(𝜔)

A proper operation with suitable 
nominal speed is adopted:



Short-Angle Fourier Transform of IAS signal:

Ω𝑚 θ =
1

𝑁
෍

𝑛=1

𝑁

ω 𝑛Δθ 𝑔(𝑛 − 𝑚𝑅)𝑒−𝑗𝑜𝑚𝑛 Δθ

Ω0 θ =
1

𝑁
෍

𝑛=1

𝑁

ω 𝑛Δθ 𝑔(𝑛 − 𝑚𝑅) = ഥ𝜔(𝜃) = 𝜔𝑚𝑒𝑎𝑛(𝜃)

𝐼𝐴𝑆 𝜃 = Ω0 θ + ෍
𝑚=1

𝑀

Ω𝑚 θ ∙ 𝑒𝑗𝑜𝑚𝑛 Δθ

The frequency 𝜔, is generated by the shaft rotation and is a complex value:
• The real part that is Dc Component, Ω0 θ , discribe the rigid body motion.
• The imaginary part, describes the amplitude decay, Ω1 θ

𝜔 θ = Ω0 θ + 𝑗Ω1 θ  ∙ 𝑒𝑗𝑜1𝜃

Ω
0

θ
+

෍
𝑚

=
1

𝑀

Ω
𝑚

θ
∙

𝑒
𝑗

𝑜
𝑚

𝑛
Δ

θ



Signal Trend _ short angle:

≅ ഥ𝜔(𝜃)

𝐼𝐴𝑆 𝜃 = ഥ𝜔 𝜃 + (𝜔1 θ + 𝜔𝑂𝑟𝑑𝑒𝑟𝑠 𝜃 )

𝜔𝑑𝑦𝑛𝑎𝑚𝑖𝑐

≅ Ω1 θ

𝜔𝑑𝑦𝑛𝑎𝑚𝑖𝑐



Fourier transformation – Closed form: 

ℱ 𝑓𝑠𝑡𝑒𝑝(𝑡) = 𝑇 න
0

∞

𝑒−𝑗𝜔𝑡𝑑𝑡 = 𝑇 ∙
𝑒−𝑗𝜔𝑡

−𝑗𝜔
0

∞

= 𝑇 ∙
1

𝑗𝜔
.

−𝜔2 𝑀 + 𝑖𝜔 𝐶𝑔 𝑔𝑙 𝑔𝑙 𝑇 + 𝐶 + 𝐾𝑎𝑣𝑔 𝑔𝑙 𝑔𝑙 𝑇 + 𝐾 𝑌 = ℱ( 𝑓𝑡𝑜𝑡 )

[𝐻(ω)]−1

ℱ 𝑓(𝑡) =F(ω)= න
−∞

∞

𝑓(𝑡) ∙ 𝑒−𝑗𝜔𝑡𝑑𝑡

ℱ 𝑓𝑠𝑡𝑒𝑝(𝑡) =
𝑇

𝜔
𝐼



𝐼 =
𝑒−𝑗𝜔𝑡

−𝑗𝜔
0

∞

− න
0

∞ 1

−j𝜔
∙ 𝑒−𝑗𝜔𝑡𝑑𝑡 =

1

−j𝜔
∙ න

0

∞

𝑒−𝑗𝜔𝑡𝑑𝑡 =
1

−j𝜔
∙

1

j𝜔
= −

1

𝑗𝜔 2

• 𝑢 = 𝑡 so that 𝑑𝑢=𝑑𝑡

• 𝑑𝑣 = 𝑒−𝑗𝜔𝑡𝑑𝑡 so that 
𝑒−𝑗𝜔𝑡

−j𝜔

ℱ 𝑓𝑅𝑎𝑚𝑝(𝑡) = 𝐶𝑅 න
0

∞

𝑡 ∙ 𝑒−𝑗𝜔𝑡𝑑𝑡 = 𝐶𝑅 ∙ 𝐼

Fourier transformation:

ℱ 𝑓𝑅𝑎𝑚𝑝(𝑡) =
𝐶𝑅

𝜔2

𝐼𝐼



Operational Modal Analysis

𝑆𝑦𝑦 𝜔 = 𝐻 𝜔 𝑆𝑢𝑢 𝐻 𝜔 𝐻

For the signal, within the part of operation which is solely governed by the Ramp torque, :

ℱ 𝑓𝑅𝑎𝑚𝑝(𝑡) =
𝐶𝑅

𝜔2

𝐼𝐼

&

⇒

Considering the order 𝑂𝑚, that is for example 54: 

𝐶𝑅

|𝜔2|
=

𝐶𝑅

Ω1 θ
2 ⇒ Ω1 θ

2

𝐶𝑅

2

∙ 𝑌𝑂𝑚 2 = 𝐻 𝜔 𝐼 𝑢𝑢 𝐻 𝜔 𝐻

Assume the white noise excitation is uniformly distributed along all the frequency values!



Results (OMA – Order Based):

Θ1(𝜔)

𝑋1(𝜔) 𝑋2(𝜔)

Θ2(𝜔)



Results (OMA – Order Based):

𝜔Θ1(𝜔)

𝜔𝑋1(𝜔) 𝜔𝑋2(𝜔)

𝜔Θ2(𝜔)



ℱ 𝑓𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐(𝜃(𝑡))
1

= ℱ −𝑘𝑔
𝜃 ∙ 𝜀 :

Fourier transformation:

Truncating signals between 0 to 200 rev.

Truncating signals between 55 to 160 rev.



Linear system of equation on the Order basis:

−𝜔2 𝑀 + 𝑖𝜔 𝐶𝑔 𝑔𝑙 𝑔𝑙 𝑇 + 𝐶 + 𝐾𝑎𝑣𝑔 𝑔𝑙 𝑔𝑙 𝑇 + 𝐾 𝑌 = ℱ( 𝑓𝑡𝑜𝑡 )

[𝐻(ω)]−1

Let’s say: 
ℱ 𝑓𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐(𝜃(𝑡)) = −𝛿𝑘 ∙ 𝑔𝑙 ∙ න

−∞

∞

𝑔𝑙 𝑇 ∙ 𝑦(𝑡) ∙ 𝑒−𝑗 −𝑧∙𝜃 𝑡 +𝜔𝑡 𝑑𝑡 

We can have its estimation numerically!

General case with more cyclic frequency:

Process Model: 𝑘 𝜃 + ∆𝜃 = 𝑘𝑎𝑣𝑔 + ෍

𝑚=1

𝑀

𝛿𝑘𝑚 ∙ 𝑒𝑗𝑚𝜃+∆𝜃 + 𝜐

Process covariance

𝐾𝑔 𝜃 ≅ 𝐾𝑎𝑣𝑔 + ෍

𝑚=1

𝑀

𝛿𝑘𝑚𝑒𝑗𝑚𝑧𝜃

➢ Extended Kalman Filter is planned to adopt in order to estimate 𝛿𝑘𝑚
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